We study the propagation of extremely short electromagnetic three-dimensional bipolar pulses in an array of semiconductor carbon nanotubes. The heterogeneity of the pulse field along the axis of the nanotubes is accounted for the first time. The evolution of the electromagnetic field and the charge density of the sample are described by Maxwell's equations supplemented by the continuity equation. Our analysis reveals for the first time the possibility of propagation of three-dimensional electromagnetic breathers in CNTs arrays. Specifically, we found that the propagation of short electromagnetic pulse induces a redistribution of the electron density in the sample. V C 2013 AIP Publishing LLC. [http://dx
I. INTRODUCTION
Carbon nanotubes (CNTs) are considered as one of the most promising building blocks in modern nanoelectronics. 1 Among their very many peculiar features, the nonlinearity of the electron dispersion in nanotubes leads to a wide range of properties, which manifest in fields of moderate intensity $10 3 À 10 5 V=cm (see, e.g., Refs. 2 and 3, and references therein). Recent successes of laser physics in the generation of powerful electromagnetic radiations with given parameters 4 have provided the impetus for comprehensive studies of electronic and optical properties of CNTs in the presence of an electromagnetic field. In this regard, a series of papers [5] [6] [7] [8] [9] [10] has been devoted to studies of the propagation of extremely short electromagnetic pulses in an array of CNTs. In particular, the possibility for propagation of solitary electromagnetic waves in an array of CNTs has been demonstrated, as well as the dynamics of a periodic train of electromagnetic pulses, and the induced current domains have been investigated.
It should be noted that both theoretical and experimental studies of electromagnetic solitary waves have a rather long history. In particular, in the last two decades, optical solitons in Bose-Einstein condensates have attracted a growing body of interest (see Ref. 11 for a review on this topic). More generally, the propagation of stable/quasistable optical solitons requires specific types of medium nonlinearity. The latter can be provided, e.g., by a proper choice of nonlinear lattices (topic comprehensively reviewed in Ref. 12) . In this context, the CNT arrays provide one of the unique and practically reliable systems for studying various aspects of nonlinear electromagnetic waves propagation in media.
In spite of their obvious success, a number of issues related to wave propagation in CNTs still remain and require further investigation. That could potentially reveal new effects that may be of interest from a practical point of view. In particular, there are certain questions related to going beyond the canonical two-dimensional (2D) modeling framework, and taking into account three-dimensional (3D) effects such as, for instance, the transverse dispersion in a study of the dynamics of electromagnetic waves. For example, the possibility of the propagation of cylindrically symmetric electromagnetic waves in an array of nanotubes has been demonstrated. 13 The possibility of the propagation of 2D traveling solitary electromagnetic waves (a.k.a. light bullets) has been demonstrated and reported in Ref.
14. Subsequently, their interaction with inhomogeneities in the arrays of nanotubes has been investigated. [15] [16] [17] The possibility of propagation of 2D bipolar electromagnetic pulses in semiconductor arrays of CNTs is revealed in Ref. 18 . Recently, the authors considered also the general aspects of stability of the laser beams propagating in an array of CNTs. 19 It should be noted that the theoretical analysis in the abovementioned studies has been performed under the assumption of homogeneity of the pulse field along the axis of the CNTs. However, the heterogeneity of this field can cause the emergence of interesting and unexpected physical effects of potentially practical importance. In particular, Ref. 20 is concerned with the 2D model of the propagation of ultrashort electromagnetic pulses in an array of CNTs with the heterogeneity of the field along their axis. As a result, it was found that in that specific case, an electromagnetic pulse induces a significant redistribution of the electron density in the sample. In spite of the interesting theoretical outcome of that research, the 2D approximation makes an experimental realization hardly feasible.
In this context, it seems timely to devise and study the 3D model of the propagation of laser pulses in an array of semiconductor CNTs with the spatial inhomogeneity of the pulse field along the axis of the nanotubes. To that aim, the formulation of the problem must involve the construction of a model in which the evolution of electromagnetic waves is space limited in all three directions of the Cartesian coordinates system. The solution of this problem opens the door to the study of problems in which we could consider the field generated by the substrate onto which the CNTs were grown. The relevance of this range of issues is evident in the light of a number of prospective tasks in modern optoelectronics.
II. BASIC RELATIONS AND THE WAVE EQUATION
Let us consider the following particular setup, consisting of the propagation of a laser pulse through the bulk semiconductor array of single-walled CNTs of the zigzag type, (m, 0), where the number m determines the radius of the nanotube through R ¼ ffiffi ffi 3 p bm=2p, with b the distance between nearest-neighbor carbon atoms. 3 Note that the our choice of CNTs is primarily guided by the presence of stable solitary solutions even for a generic sine-Gordon case in 2D. 21 Furthermore, we assume that the nanotubes are placed into a homogeneous insulator in a way that the axes of the nanotubes are parallel to the common Ox-axis, and the distances between neighboring nanotubes are large compared to their diameter. This specific assumption allows us to neglect the interaction between CNTs.
Essentially, the chosen geometry of the problem is similar to the one considered in Ref. 18 , except for the fact that in the present study, all the quantities are assumed to be 3D-spatially dependent. Given the above framework, the dispersion relation for the conduction electrons of CNTs takes the form
where the quasimomentum is represented as p ¼ fp x ; sg, with s ¼ 1; 2; …; m is the number characterizing the momentum quantization along the perimeter of the nanotube, c 0 is the overlap integral, and d x ¼ 3b=2.
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For definiteness, we consider the propagation of a laser beam in an array of CNTs in the direction perpendicular to the their axes, namely along the Oz-axis with our choice of spatial coordinates. Further, we assume that the electric field of the laser beam, E ¼ fEðx; y; z; tÞ; 0; 0g, is oriented along the Ox-axis. The characteristic pulse duration s p is supposed to satisfy the condition s p ( s rel , where s rel is the characteristic relaxation time. The latter condition allows us to use the collisionless approximation to describe the evolution of the pulse field. 5 The electromagnetic field in an array of nanotubes can be described by Maxwell's equations, 23 which in our case read
Here A(x, y, z, t) and j(x, y, z, t) are the projections of the vector potential A ¼ (A, 0, 0) and the current density j ¼ (j, 0, 0) onto the Ox-axis, e is the permittivity of the medium, and c is the speed of light in vacuum. The electric field of the laser beam is determined by the gauge condition cE ¼ À@A=@t.
where e is the electron charge, n is the concentration of conduction electrons in the array of nanotubes, and / is the scalar potential of electric field. The coefficients G r,s appearing in Eq. (3) are explicitly given by
with h r;s ¼ d r;s ðk B TÞ À1 , and d r,s are the coefficients in the expansion of the spectrum (1) in a Fourier series, namely
Àp h=d x Dðp x ; sÞ cos r d x h p x dp x :
The current density in Eq. (3) explicitly depends on the potentials A and /. Therefore, it might be assumed that the change of the vector potential by adding a scalar constant (which is classically known not to lead to any physical consequence) causes a change in the current density. However, in reality, this does not happen, because while deriving Eq. (3), it was assumed that the potentials A and / initially (at t ¼ 0) are zero valued, which fixes their choice. Substituting the expression for the conduction current Eq. (3) into Eq. (2) yields the desired wave equation describing the evolution of the field in the array of CNTs
Here W ¼ Aed x =c h is the dimensionless projection of the vector potential on the Ox-axis;
is the dimensionless time; n ¼ xx 0 =c; ¼ yx 0 =c and f ¼ zx 0 =c are the dimensionless coordinates; g ¼ n=n 0 , where n 0 is the equilibrium electron concentration in the absence of external fields; and x 0 is the characteristic frequency, defined by the formula
As stated earlier, we assume that the electric field is nonuniform along the direction parallel to the Ox-axis, which may result into a charge density redistribution. Since the total charge stored in the sample is conserved, the distribution in the charge density is determined by the continuity equation
where q ¼ jejn 0 g is the volume density of charge. By substituting Eq. (3) into Eq. (8), we obtain the equation describing the evolution of the charge density caused by the electromagnetic pulse field,
The redistribution of the electron density is accompanied by a change in the distribution of the scalar field potential in the system. Maxwell's equations 23, 24 lead to the following relation for the scalar potential:
where b ¼ c h=ec 0 d x . Thus, the evolution of the field in the system with the charge density redistribution is defined by the set of Eqs. (6), (9), and (10). The electric field of the wave in this array of nanotubes, given its form E ¼ (E, 0, 0), reads
in which E 0 is given by
As is well known, the practically measurable physical quantities are the intensity, energy, or power of the electromagnetic radiation, which are proportional to the square of the absolute value of the electric field vector. 23 Taking into account the expression (11) and the chosen gauge for a vector potential, the intensity I ¼ jEj 2 takes the form
where (12)).
III. NUMERICAL SIMULATION AND THE DISCUSSION OF RESULTS
The system of governing Eqs. (6), (9) , and (10) in general does not possess any exact analytical solutions. Hence, we carried out a numerical study of the propagation of an electromagnetic pulse in an array of CNTs. To make a proper choice of initial conditions, it is important keeping in mind the following considerations: Eq. (6) can be considered as a generalization of the classical sine-Gordon equation to the 3D case, where the generalized potential is expanded as a Fourier series. The numerical calculations show that the coefficients G r,s decrease rapidly with increasing r, i.e., jG 1;s j ) jG 2;s j, etc. Restricting ourselves to the one-dimensional approximation and considering only the first leading term in the sum over r in Eq. (6), we are able to arrive at the sine-Gordon equation in a form relatively close to its canonical one, which admits breathers as solutions. 26 Note that the possibility of propagation of breathers in solids, and in particular, in semiconductor superlattices (one-dimensional model), was theoretically predicted earlier. 27 Thus, it is natural to assume that the system described by Eq. (6) allows the propagation of bipolar solitary waves similar to breathers of the sine-Gordon equation.
We assume that at time s ¼ 0, the array of CNTs is irradiated by an electromagnetic pulse of a breather structure, whose dimensionless vector potential has the form
where we have used the following notations:
X ¼ x B =x 0 is the parameter determined by the natural frequency of the breather x B (X < 1); u/v is the ratio of the pulse velocity u to the speed of light in the medium v ¼ c= ffiffi e p ; n 0 , 0 and f 0 are the dimensionless coordinates along the Ox-, Oy-, and Oz-axes, respectively, at s ¼ 0; k n and k are the dimensionless half-widths of the pulse along the Ox-and Oy-axis, respectively.
The electric field of an electromagnetic pulse in an array is determined by Eq. (11) with W given by Eq. (14) . The first factor in Eq. (14) is a traveling breather, propagating with velocity u. The presence of the second and third factors of the Gaussian form in Eq. (14) is dictated by the fact that the Gaussian intensity distribution is of great interest from an applied point of view in different fields of physics and engineering. This is due to the minimum of the diffraction spreading of Gaussian beams, where such beams are very close to reality. 19 We also assume that at the initial instant s ¼ 0, the electron density n is equal to n 0 , and the scalar potential / is zero, so that we have the initial conditions gðn; ; f; sÞ ¼ 1;
Uðn; ; f; sÞ ¼ 0:
For the numerical solution of the set of Eqs. (6), (9) and (10), together with the initial conditions (14) , (17) , and (18), we have implemented explicit finite-difference schemes for the hyperbolic equations. 28 The obtained values of W(n,,f,s) have been further used to calculate the electric field by means of Eq. (11), as well as the intensity distribution of the field through Eq. (13) . We also calculated the distribution of the quantity g ¼ g(n,,f,s), which determines the electron concentration in the sample through n ¼ gn 0 .
In the present study, we have used the following realistic physical parameters: m ¼ 7, c 0 ¼ 2.7 eV, b ¼ 1:42 Â 10 À8 cm; d x % 2:13 Â 10 À8 cm; n 0 ¼ 2 Â 10 18 cm À3 , 22 T ¼ 77 K, e ¼ 4, and x 0 % 10 14 s À1 (see Eq. (7)). Note that the collisionless approximation used in this study is justified when considering processes at times not exceeding the relaxation time t rel % 3 Â 10 À13 s. 2 Indeed during this time, light in this medium travels the distance z ¼ ct rel = ffiffi e p % 10 À2 cm. Figures 1-3 show our results for the modeling of the bipolar laser pulses in an array of CNTs. For definiteness, the following initial parameters were used: u/v ¼ 0.9 (which corresponds to the breather speed u ¼ 1:35 Â 10 10 cm=s), X ¼ 0.5 (equivalent to x B ¼ Xx 0 % 5:05 Â 10 13 s À1 ), and k n ¼ k ¼ 1 (equivalent to the pulse half-width along the axes Ox and Oy equal to L y ¼ L x ¼ k n c=x 0 % 3 Â 10 À4 cm). Figure 1 presents the field intensity distribution in the array of CNTs in the planes nOf and Of at different instants of the dimensionless time s ¼ x 0 t= ffiffi e p . The field intensity is represented by the ratio I=I max , different values of which correspond to a variation of colors (flooded contours) with a colormap from violet to red. The quantity I max stands for the maximum intensity at the given instant s considered. Red areas correspond to near-maximum intensity, while purple ones reflect near-minimum intensity regions. The distribution is plotted using the set of dimensionless coordinates, n ¼ xx 0 =c; ¼ yx 0 =c and f ¼ zx 0 =c. With the parameters selected above, the units on the axes correspond to the following physical distances Dx ¼ Dz ¼ Dy % 3 Â 10 À4 cm. Figure  2 displays the distribution of the intensity of the electromagnetic field pulses in an array of CNTs along a line parallel to the axis Of, and passing through the point with coordinates n ¼ n 0 and ¼ 0 at the same instants of time as those considered in Figure 1 . In other words, Figure 2 allows us to visualize the one-dimensional variations of the pulse shape. The numerical analysis reveals that as the pulse propagates, along with a periodic change in its shape, a periodical change in its amplitude concurrently takes place. Those one-dimensional spatial variations are supplemented by Fig. 3 , which shows the time dependence of the maximum intensity I max along a line parallel to the axis Of and passing through the point with coordinates n ¼ n 0 and ¼ 0 , using the same physical values as the ones used to generate Figs. 1 and 2 . At this point, we would like to pay particular attention to the range of parameters for which our qualitative conclusions apply. The first restriction is related to the time interval considered in our study. As expected from earlier investigations reported in Refs. 2 and 3, the characteristic relaxation time is t rel % 3 Â 10 À13 s, so that for typical CNTs parametersx 0 % 10 14 s À1 and e ¼ 4-we have s rel ¼ x 0 t rel = ffiffi e p % 15. For longer times, the collisionless model no longer applies. Hence, our results are strictly valid within the range f0; s rel g. Another key parameter is the initial velocity of the pulse. We have varied the dimensionless velocity u/v in a range comprised between 0.5 and 0.98. There is actually no sense to consider velocity smaller than 0.5, given that during the time s rel , our light bullet travels too short a distance-only slightly longer than its own linear size. For u/v > 0.5, the bullet travels a fairly significant distance, much larger than its linear size. However, in the present study, we did not go beyond 0.98 due to limitations imposed by our numerical scheme. The dimensionless half-widths k n and k are supposed to be of the order of unity. We have tested different values within the range {0.5; 1.5} and observed no qualitative difference. Thus, for definiteness, in this paper, we present results for k n ¼ k ¼ 1. Finally, another important parameter is the natural frequency X ¼ x B /x 0 . Keeping in mind the necessary condition X < 1, we have analyzed different values and observed stable results in the range {0.3; 0.7}. Beyond 0.7, the initial width of bullet along its wavevector becomes too large and no longer fits into our computational domain for reliable values of f.
The three above figures demonstrate that the threedimensional electromagnetic pulses propagate in a nanotube array stably, i.e., without incurring substantial spreading and dispersion. Thus, the inhomogeneity of the electric field distribution along the axis of nanotubes does not affect the stability of extremely short pulses, but causes some change in their shape, as compared with the low-dimensional cases. For example, the speed and the shape of a tail formed during the pulse propagation in homogeneous low-dimensional problems are dictated by the imbalance between dispersion and nonlinearity. In our 3D case, a tail appears due to the field inhomogeneity along the nanotubes axis and the charge redistribution within a sample during the pulse propagation. To this aim, Fig. 4 presents the distribution of electron density in the nanotube array as given by n ¼ gn 0 . The electron density is represented by the dimensionless ratiõ g ¼ ðg À g min Þ=ðg max À g min Þ, where g max and g min stand for the maximum and minimum values of g at a given instant s, respectively. Red areas in Fig. 4 correspond to high electron density zones, whereas purple areas represent low electron density zones. This effect of redistribution of the charge density induced by the passage of the laser pulse may be put, in our opinion, as a basis for the creation and development of chemical sensors based on CNTs. Areas with a high or a low electron density generated by the laser pulse can play the role of an attraction center for ions or polarized molecules contained in the analyzed gas mixtures. Thus, the peculiarities of the propagation of extremely short electromagnetic pulses through an array of CNTs described in this paper can have practical value in designing the element base for modern nanoelectronics.
IV. CONCLUSIONS
Let us sum up the main results of this work as follows:
For the first time, we were able to derive the system of governing equations describing the evolution of the electric field and charge density during the propagation of three-dimensional extremely short electromagnetic pulses through an array of semiconductor CNTs, taking into account the heterogeneity of the field along the direction parallel to the axis of the nanotubes (see Eqs. (6), (9) , and (10)); (ii) Our study demonstrates the possibility of stable propagation of the three-dimensional bipolar electromagnetic pulses, a.k.a. breathers, through an array of CNTs; (iii) Electromagnetic pulses propagating through the nanotubes array induce a redistribution of the electron FIG. 4 . Electron density distribution in the array of CNTs in the planes nOf (for ¼ 0 ) and Of (for n ¼ n 0 ) at different points of the dimensionless time s ¼ x 0 t= ffiffi e p during the propagation of the laser pulse: (a) s ¼ 0.5, (b) s ¼ 3.5, (c) s ¼ 6.5, (d) s ¼ 9.5. The axes are scaled using the dimensionless coordinates n ¼ xx 0 =c; ¼ yx 0 =c, and f ¼ zx 0 =c. Maps of the ratiog ¼ ðg À g min Þ=ðg max À g min Þ are plotted using a colormap ranging from red to purple: high (respectively low) values ofg correspond to red (respectively purple). The quantities g max and g min are the maximum and minimum values of g at the instant s considered, respectively. density throughout the sample, which may potentially lead to useful and practical applications in the field of nanoelectronics.
